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Abstract
Using the electro-weak theory, we find the lowest order perturbative correction to a spin-1 particle in an external Coulomb
field. We show this leads to a correction of order (Zα)4 and is independent of the mass of the external field. Previous work with
Duffin–Kemmer–Petiau (see Nedjadi and Barrett [J. Math. Phys. 35 (1994) 4517]) and the Proca equation has failed to produce
this correction.
 2003 Published by Elsevier B.V.
1. Introduction
In comparison with the theoretical investigations on bound systems containing particles of spin-1/2 or scalar
particles, little has been done with respect to particles of spin-1. There are a number of reasons for this, one of which
is that the vast majority of observations involve either fermions or scalar particles. Furthermore, the quantum field
theory treatment of massive spin-1 particles has, until recently led to a non-renormalizable theory. It has been
usual to use the simplest generalization of the Maxwell field to describe massive, spin-1 particles, which leads
to the Proca equation [2]. The propagators described by the Proca equation tend asymptotically to a constant for
large momentum, and integrals in which they appear do not usually converge. It has been found as a consequence
of this that the quantum electrodynamics formulated using such propagators is non-renormalizable [3]. Another
difficulty follows; this can be seen when using the usual description of the Lagrangian which is written in terms of
a second rank tensor of the Proca field. This ensures that there exists a condition to remove the zero-component of
the Proca field thus leaving the three independent components needed for describing a vector field. Here, minimal
coupling does not provide a guide as to how the charged Proca field interacts with other charged particles. This is
because the Proca Lagrangian is already invariant under the replacement of the ordinary derivative by a covariant
one. Furthermore, the mass term appearing in the Proca Lagrangian is not gauge invariant, which in itself is a
sufficiently serious problem to discard this approach altogether.
More promising is the Duffin–Kemmer–Petiau equation [4,5,1]. It is still yet to be determined whether quantum
electrodynamics, using the Duffin–Kemmer–Petiau propagator for describing spin-1 particles is renormalizable.
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of the electro-weak unified theory [6]. It describes spin-1, massive particles in a gauge-invariant formulation which
leads to a renormalizable theory. In the context of this theory we examine bound systems containing a spin-1
particle. Initially we had hoped to make predictions on a system containing the W-particle, but due to the short life
of the W we do not expect that it will form any bound system with well defined energies.
2. Theory
In what follows, we use the standard, electro-weak theory where the Lagrangian is given by
L=−1
4
(
GµνGµν +HµνHµν
)+ (Dφ)†(Dφ)− 1
2ξ
(
∂µW1µ − ξρ0gφ2√
2
)2
− 1
2ξ
(
∂µW2µ − ξρ0gφ1√
2
)2
− 1
2ξ
(
∂µW3µ + ξρ0gρ2√
2
)2
(1)− 1
2ξ
(
∂µW0µ − ξρ0g
′φ2√
2
)2
− V (φ†φ)+Lch +Lmatter +LFP,
where
(2)Gµν = ∂µW ν − ∂νWµ − gWµ ×W ν,
(3)Hµν = ∂µWν0 − ∂νWµ0 ,
(4)φ =
( φ1+iφ2√
2
ρ0 + ρ1+iρ2√2
)
,
(5)Dµ = ∂µ + igWµ · t + ig′Wµ0 t0,
with
(6)t = σ
2
, t0 = 12
(
1 0
0 1
)
.
In the above expression, σ are the Pauli matrices and ρ0 is a constant (the vacuum expectation value of the Higgs
field). In the equation for the Lagrangian, Eq. (1), the third to the sixth term are the gauge-fixing terms and ξ
is the gauge-fixing parameter. In our treatment it was convenient to take ξ = 1 as the resulting equations were
greatly simplified. This is self-evident when we write the relevant Lagrangians for arbitrary ξ . V (φ†φ) is the Higgs
potential given by
(7)V (φ†φ)= λ(φ†φ − v20
2
)2
,
LFP is the Faddeev–Popov ghost Lagrangian.
Using the standard definitions for Wµ, Zµ, and Aµ [7], the Lagrangian, L, given by Eq. (1) can be written as
(8)L= L0 +LEM + other terms independent of Aµ,
where L0 is the free Lagrangian while LEM is the part containing the vector potential Aµ. The other terms are
independent of Aµ. We now restrict ourselves to consider a W-particle in the presence of an external Coulomb
field, i.e.,
(9)A0 =− Ze , Ai = 0, i = 1,2,3.4πr
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field. In this Letter we shall be considering the energy corrections to a bound spin-1 particle (the W-particle in this
case) in the presence of this Coulomb interaction that we have introduced in Eq. (9). Since we are interested at this
stage in corrections to order (Zα)4 we can neglect terms that contribute to higher orders. Explicitly, the relevant
Lagrangians are:
L0 =W∗ν
{
gµν
(
+m2W
)− ∂µ∂ν
(
1− 1
ξ
)}
Wµ + 1
2
Aν
{
gµν− ∂µ∂ν
(
1− 1
ξ
)}
Aµ
+ 1
2
Zν
{(
gµν+m2W
)− ∂µ∂ν
(
1− 1
ξ
)}
Zµ −H ∗(+ ξm2W )H
(10)− 1
2
η3
(
+ ξm2W
)
η3 − 12ζ
(
+ 2λv0
)
ζ.
In the above equation for L0 (Eq. (10)) we have redefined a number of quantities to simplify this expression1
LEM =−ieAµ
[
Wν
(
∂µW∗ν − ∂νW∗µ)− c.c.]− ie
2
Fµν
[
W∗µWν −W∗ν Wµ
]
+ e2AµAν
[
W∗µWν − gµνW∗λWλ
]+ ie(∂µH )AµH ∗ − ieHAµ(∂µH )∗
(11)+ geRe[H ∗(v0 + ζ + iη3)W∗µAµ]+ e2AµAµH ∗H.
From Eqs. (10) and (1) we can find the equations of motion for the Wµ field as well as for the Aµ field. If no
approximations are made, these equations will couple the Wµ and the Higgs field and ghost fields as well. To order
(Zα)4 the coupling of the Wµ with H can be neglected, and after using the gauge condition ∂µWµ +mWH = 0
to eliminate W 0, we find the following equation for Wk :
(12)∇2Wk(x)+
[
E2 −m2W −
2ZαE
r
+ (Zα)
2
r2
]
Wk(x)+ 1
E
∂k
[
Zα∇ ·W (x)
r
]
= 0
for k = 1,2,3. In this equation,2 E is the energy of the bound spin-1 particle. If the last term in Eq. (12) was not
present, the remaining equation would be the Klein–Gordon equation for a charged particle in a Coulomb field
while the last term in Eq. (12) is a term dictated by the electro-weak Lagrangian. It is the value of this term we
discuss in the next section.
3. Calculation and discussion
The evaluation of the contribution of the last term in Eq. (12) to the energy of a spin-1 particle in an external
Coulomb field is straight forward if we consider the last term as a perturbation. Then the unperturbed equation is
(13)∇2WkCoul(x)+
[
E2Coul −m2W −
2ZαECoul
r
+ (Zα)
2
r2
]
WkCoul(x)= 0,
whose solutions, WkCoul are the well-known associated Laguerre polynomial and the energy contribution of the last
term of Eq. (12) is given by
(14)"E 
−
1
mW
∫
d3rW ∗Coul ·∇(Zαr ∇ ·WCoul)
N
,
1 The following quantities found in Eq. (10) are related to those in Eq. (1) as follows: φ1 →−η2, φ2 →−η1, ρ1 → ζ , ρ2 → η3, ρ0 = v0√2 .
2 From the gauge condition, a term depending on H should appear in Eq. (12). However, by a direct calculation it can be shown that this
does not contribute to the order we are considering. For this reason we have omitted it.
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(15)N = (2mW)
∫
d3rW ∗Coul ·WCoul.
In obtaining Eq. (14) we have neglected terms of order (Zα)6. We now apply Eq. (14) to the ground state of
a bound spin-1 particle in a Coulomb field. Since Eq. (14) is invariant under rotations, it will lead to the same
energy splitting for each of the different substates of Sz (which can be explicitly checked). Corresponding the three
substates of W (x) we can write for the substates corresponding to Sz = 1,0,−1:
(16)W(+) =
(
W 1 + iW 2
0
0
)
, W(0) =
( 0
W 3
0
)
, W(−) =
( 0
0
W 1 − iW 2
)
,
where W(+), W(0) and W(−) are eigenstates of Sz with eigenvalues+1,0,−1, respectively. Using the ground state
for WiCoul, where i =+,0 or −1 we find that
(17)("E)(Zα)4 contribution=−
(Zα)4mW
6
.
In conclusion we note that this (Zα)4 contribution is non-recoil terms contribution. In this it differs from that
of a charged scalar particle in a Coulomb field whose lowest order correction beyond that predicted by Klein–
Gordon equation is a recoil term which vanishes in the presence of a massive, Coulomb source [8]. For a spin-1/2
particle bound in a Coulomb field, on the other hand, the energy correction beyond that given by the non-perturbed
wave equation leads to a non-recoil term [8]. One would think that this well-known zitterbewegung contribution
would not be confined to bound spin-1/2 particles but would occur for all bound particles with non-zero spin. It is
reassuring that this is confirmed for spin-1 particles described by the electro-weak theory.
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